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A mathematical model of drying processes
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Abstract—A drying model is proposed which may be used to describe drying behavior of hygroscopic and
non-hygroscopic materials. The constant rate, the first falling rate and the second falling rate periods in
drying are addressed separately. The concept of ‘bound water conductivity’ is introduced. Movement of
bound water and its contribution to moisture transfer within hygroscopic materials are discussed. The
bound water conductivity is found to be affected by moisture content as well as desorption isotherms of
the drying material. The major internal moisture transfer mechanisms are considered to be capillary flow
of free water in the wet region and movement of bound water and vapor transfer in the sorption region.
The convective heat and mass transfer coefficients are assumed to vary with the surface free water content
in the first falling rate period. Three systems with different hygroscopic properties, wool, brick and corn
kernels, are chosen to evaluate the validity of this model. The moving finite element method is used to
solve the differential equations numerically. The predicted drying curves and the temperature and moisture
distributions compare favorably with reported experimental results.
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INTRODUCTION

DRYING is one of the most energy-intensive processes
n industry. In order to improve process performance
and energy utilization, new technologies such as flu-
idized bed and spouting bed drying, freeze drying,
spray drying and dielectrically-assisted convective
drying have been applied. Therefore, it was desired to
develop an accurate mathematical model of sufficient
generality to evaluate relative performance of various
drying processes in materials having diverse moisture
transport properties.

Several theoretical models have been proposed in
the study of drying processes [1, 2]. In the classical
liquid diffusion model proposed by Sherwood [3, 4],
Fick’s law is assumed to be valid, and the gradient of
liquid content is considered to be the driving force for
moisture transfer. However, the agreement between
theoretical and experimental moisture content profiles
was not satisfactory; as pointed out by Ceaglske and
Hougen [5], the term ‘liquid diffusion’ is constrained
and may sometimes be misleading.

King [6] proposed a vapor diffusion model for dry-
ing of food materials, assuming that vapor diffusion
is the only mechanism of internal moisture transfer,
and that the relationship between the sorptive moist-
ure and the partial vapor pressure in the gas phase
1s described by desorption isotherms. Based on the
evaporation-condensation theory proposed by Henry
[71, Harmathy [8] developed a model of simultaneous
heat and mass transfer during the pendular state
of liquid within porous materials. The equations de-
rived are the same as those of the vapor diffusion
model.

In drying of a wet porous material, internal liquid
moisture transport is mainly by capillary flow [5, 9,
10]. By considering that moisture can migrate sim-
ultaneously in the forms of capillary flow and vapor
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diffusion, Krischer and Kast [I1] proposed a multi-
mechanism model. A model was proposed for hygro-
scopic materials based on Krischer and Kast’s analysis
in ref. [12], assuming that, for moisture content
greater than the maximum sorptive value, the vapor
pressure in the gas phase is equal to the saturated
value. The Clausius—Clapeyron equation is used for
coupling phase equilibrium. In the sorption region,
the desorption isotherms obtained from exper-
iments are used to determine the vapor pressure.
However, in both models, the following factors were
not considered :

(1) the influence of moisture content on each mech-
anism;

(2) the importance of movement of bound water
and desorption isotherm in drying hygroscopic
materials.

Luikov [13] developed a uniquely different
approach to the representation of the simultaneous
heat and moisture transfer in drying processes, which
is based on irreversible thermodynamics. A difficulty
with this formulation is that a number of transfer
mechanisms are lumped together, masking the indi-
vidual differences between mechanisms, and the
dependence of each on different controlling variables.

In order to describe the simultaneous heat and
moisture transfer during the falling rate period in
drying of capillary-porous bodies, Luikov [14] pro-
posed a two-zone model. This model assumes the
existence of a receding evaporation front which sep-
arates the material into a moist zone and an evap-
oration zone, each with different moisture transfer
coefficients. Based on Luikov’s two-zone model and
the assumption that, in the evaporation zone, moist-
ure transfer is in vapor form only, some solutions fora
porous half space system were obtained by Mikhailov
[15].
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A area [m?]

constants, equation (1) [-]

¢, specific heat capacity [J kg™ 'K~ ]

D,  bound water conductivity [m*s~ ']

D, capillary conductivity [m®s™"]

D, vapor diffusion coefficient [m?®s™ ]

D vapor transfer coefficient, equation (20)
[m?s™']

E, activation energy of movement of bound
water [kI kg™ 'mol ]

h convective heat transfer coefficient
Wm—2K~1]

A, convective mass transfer coefficient
[ms™']

Ah,  heat of evaporation [kI kg™ ]

Je free water flux [kgm 25~ ']

k thermal conductivity [ Wm~—'K 1]

K permeability [m?]

K, single phase permeability of porous
material [m?]

K, relative permeability [—]

m ratio of the diffusion coefficients of air
and water vapor [—]

m,,  evaporation rate [kgm™ s}

M molecular weight

Nusselt number, 2AR/k, [—]

d pressure [Nm™7]

P, capillary pressure, P,— P [Nm™7]

P, vapor pressure [Nm~7]

Pr Prandtl number, k.c,./¢, [—]

q heat source [Wm™?]

radius [m]

R gas constant [kJ kg~ 'mol™' K~ 1]

Re Reynolds number, Rv,p,/u, ]

S pore saturation [—]

S(¢r) position of receding evaporation front
[m]

Sh Sherwood number, 4, R/D, [—]

t time [s]

NOMENCLATURE

T temperature [K]
U moisture content [kg kg(solid) ']
v fluid velocity [ms™1].

Greek symbols

o thermal diffusivity {m?s ]

B parameter, equation {12)

Y pore volume density function [m™]

e voidage, porosity [—]

flms iy Parameters, equations (22) and (23) [—]

parameters, equation (21)

A mean free path of water molecules [m]
u viscosity [kgm~'s™]

P density [kgm 7]

o surface tension [N m ]

T tortuosity factor of capillary paths [—]
073 relative humidity [—].

Subscripts
0 initial
l wet region
2 sorption region
a air
b bound water
c capillary, critical
eq equilibrium
g
h
ir
L
m

gas phase
heat
irreducible
liquid moisture, free water
mass
ms  maximum sorptive
] water saturated
v vapor
W water, wet bulb.
Superscript
* vapor saturated.

Szentgyorgyi and Molnar [16] proposed a two-zone
model based on the diffusion model. By assuming that
aconstant moisture content is equal to that in sorption
equilibrium with the drying medium in the dry zone,
a solution was obtained. A fairly satisfactory approxi-
mation of temperature distribution was predicted, as
compared with the experimental results.

Most of the models described above have not been
able to predict drying rates and the distribution of
temperature and moisture content for both hygro-
scopic and non-hygroscopic materials over a wide
range of boundary conditions and drying regimes.
This is because, the moisture transport in materials is
caused by a variety of mechanisms [1, 17-20}, each of
which is prevalent under different conditions. The
local moisture content, temperature and the hygro-

scopic properties influence the contribution of each
mechanism and consequently affect the drying rate.
In general, moisture transport in the dry zone is not
simple, and the moisture content in each zone is not
constant. Furthermore, for porous materials, the con-
vective mass transfer coefficient varies with the surface
moisture content [21, 22].

The convective heat and mass transfer coefficients
at the surface are important parameters in drying
processes ; they are functions of velocity and physical
properties of the drying medium [23], and in general,
can be expressed in the form

Nu = a Re” Pr n

Sh = a' Re” S¢*'. 2)
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However, particularly in drying of porous materials
with low initial moisture content such as food prod-
ucts, predicted values are often not in good agreement
with experimental results [22]. Van Brakel and
Heertjes [22] proposed an effective area model to inter-
pret this phenomenon. For a fully wetted surface, the
areas for heat and mass transfer are virtually the same,
so that the surface temperature is close to the wet-
bulb temperature; for a partly wetted surface, the
effective area for mass transfer decreases with the
surface moisture content.

Suzuki and Maeda [21] proposed a model for the
convective mass transfer coefficient which assumed
that evaporation takes place from a discontinuous wet
surface consisting of dry and wet patches. The ratio
of the wet area to the total surface area decreases with
decreasing moisture content. However, it is not clear
how the fraction of wet area varies with the surface
moisture content. Moreover, for hygroscopic
materials, when the fraction of wet area at the surface
approaches zero or the surface moisture content is
equal to the maximum sorptive value, the evaporation
rate at the surface may not be equal to zero.

In the present study, a mathematical model for
drying processes is developed, which considers all the
major internal moisture transfer mechanisms and the
properties of the material to be dried, including
whether it is hygroscopic or non-hygroscopic. The
convective heat and mass transfer coefficients are
assumed to vary with the surface moisture content. A
moving finite-element method is used to solve the
differential equations numerically.

PRESENT DRYING MODEL

Drying involves simultaneous heat and mass trans-
fer in a multiphase system. The drying materials may
be classified into hygroscopic and non-hygroscopic
materials. For non-hygroscopic porous materials,
pores of different sizes form a complex network of
capillary paths. The water inside the pores that con-
tribute to flow is called free water. However, the water
inside very fine capillaries is difficult to replace by air.
This portion of water is known as the irreducible
water content. Here, it is defined as bound water. The
structure of many food products is basically arrays of
cells [19]. Although the cells are very similar in nature,
the tissue can differ widely in porosity and bulk prop-
erties. The intercellular spaces, like the voids in porous
materials, are interconnected and filled with air and a
certain amount of free water. The cells themselves also
contain water, which is also defined here as bound
water. The cellular membrane is considered to behave
like a perfect semi-permeable membrane and may act
as capillary paths for bound water to migrate [24].

The physical configuration for the present model is
shown in Fig. I. When a porous material is exposed
to a convective surface condition, three main mech-
anisms of internal moisture transfer are assumed to
prevail, capillary flow of free water, movement of
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Fig. 1. Drying model.

bound water and vapor transfer. If the initial moisture
content of the porous material is high enough, the
surface is covered with a continuous layer of free water
and evaporation takes place mainly at the surface.
Internal moisture transfer is mainly attributable to
capillary flow of free water through the voids. There-
fore, the drying rate is determined by external con-
ditions only, i.e. the temperature, humidity and fow
rate of the convective medium, and a constant drying
rate period will be observed. As drying proceeds, the
fraction of wet area decreases with decreasing surface
moisture content, so that the mass transfer coefficient
decreases. In order to predict how the wet area frac-
tion varies with surface moisture content, it is necess-
ary to introduce percolation theory [25].

According to percolation theory, when water passes
through randomly distributed paths in a medium,
there exists a percolation threshold, which usually
corresponds to a critical free water content. When the
free water content is greater than the critical, the water
phase is continuous. For a two-dimensional porous
medium, this critical value is about 50% of the satu-
rated free water content and for a three-dimensional
porous medium it is around 30%.

Regardiess of the rate of internal moisture transfer,
so long as the free water content at the surface is less
than the critical, the surface will form discontinuous
wet patches. Thus, the mass transfer coefficient
decreases with the surface free water content and the
first falling rate period starts. In the first falling rate
period, a new energy balance will be reached at the
surface, accompanied by a slowly rising surface tem-
perature. Free water still exists at the surface, the
‘dry’ patches still contain bound water, and the vapor
pressure at the surface is determined by the Clausius~
Clapeyron equation.
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When the surface moisture content reaches its
maximum sorptive value, no free water exists. The
surface temperature will rise rapidly, signaling the
start of the second falling rate period, during which a
receding evaporation front often appears, dividing
the system into two regions, the wet region and the
sorption region. Inside the evaporation front, the
material is wet, 1.e. the voids contain free water and
the main mechanism of moisture transfer is capillary
flow. Qutside the front, no free water exists. All water
is in the sorptive or bound water state and the main
mechanisms of moisture transfer are movement of
bound water and vapor transfer. Evaporation takes
place at the front as well as in the whole sorption
region, while vapor flows through the sorption region
to the surface.

With the above definitions of the constant rate,
first falling rate and second falling rate periods, the
characteristics of most drying processes can be
described mathematically.

Since the internal moisture transport mechanisms,
the desorption isotherms, and the convective heat and
mass transfer coefficients are all important factors in
the model, they will be discussed in turn.

Capillary flow of free water

In porous materials, voids provide capillary paths
for free water to flow. The driving force for capillary
flow is tension gradient or pressure gradient. The per-
tinent expression [9, 10] for capillary flow of free water
is given by

K,
J[,. = _pw*;; (VPg“VPc“ng) (3)

For most drying processes, we can assume that:

(1) the material is macroscopically homogeneous ;

(2) the flow in the capillary paths is laminar ;

(3) there is no significant temperature gradient ;

(4) the effect of the gas phase pressure and gravity
force are negligible.

Thus, equation (3) can be simplified as

K KK
o= Py VP p R VR @

As pointed out by Miller and Miller [26], for homo-
geneous media and negligible gravity forces, tension
is proportional to moisture content. It appears that
Krischer and Kast’s equation for liquid flow {11] may
be valid

Ju = —pD.VU (5)

where p, is the bulk density of dry material.

Since the permeability K, depends on the pore
structure of the material and the interaction between
water and the solid skeleton, it is difficult to find a
theoretical form to relate K; and the capillary con-
ductivity D,. However, the velocity of flow in capil-

laries may be assumed to follow the Hagen—Poiseuille
law [23]

2
¥

U= e VP,. (6)
The total mass flow rate of free water can then be
expressed in terms of the local velocity and cor-
responding capillary radius, r., which is defined as the
radius of the largest capillary in which free water
exists, i.e.

1 r? % r?
o — VP e R m
JL AJPW 8uTV chc J:mm Pw 8‘[[[ VPC’))(')d‘r
(N

where p(r) is the pore volume density function, defined
as

The relationship between the pore saturation and the
pore density function is

PEE I J L) dr ®)

where r,,,, is the overall largest capillary in the porous
material. Comparing equations (4) and (5) with equa-
tion (7), K, may be expressed as

K, = K.K, :jc

i

!‘2 A
& y{r)ydr 9

and the capillary conductivity D, may be expressed
as

K, p VP, 2
D= L P g

(10

The pore volume density function can be obtained
from the relationship between capillary pressure and
pore saturation of a porous medium. Solving equa-
tions (8) and (9) using the correlation of pore volume
density obtained from the experimental results of
Chatzis [27], a relationship between pore saturation
and relative permeability can be obtained which is
very close to the empirical correlation

(n
Therefore, equation (11) can be used to predict the
relative permeability, K,. For water, a/u is a linear
function of temperature [17}, which can be expressed
as
o 1.604T—394.3(ms ™). (12)
H

The value of r2y(r.) in equation (10) might be constani
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or a function of free water content. Consequently, the
following form is obtained to predict the capillary
conductivity of free water for non-hygroscopic
materials

S—
Dy = (1.604T— 3943)ﬁK0< ”;) (13)

and similarly, for hygroscopic materials

U-u,\
D, = (1.604T— 394.3)ﬂ1<0(m"‘—5) )

Movement of bound water

Movement of bound water, sometimes known as
‘liquid moisture transfer near dryness’ or ‘sorption
diffusion’, has been studied by a number of inves-
tigators [17-20, 24, 28]. It has been shown that liquid
moisture transfer still exists in the sorption region and
is a strong function of free water content. Whitaker
[20, 29] studied gas phase convective transport in the
‘dry’ region which contains irreducible water and con-
cluded that there could be a liquid moisture flux in that
region. Bramhall [28] proposed a ‘sorption diffusion’
model for the wood drying process which assumed
that, when the adsorbed water molecules receive
enough energy to break the sorptive bonds, they may
leave and migrate until captured by other sites. The
energy is then received by other molecules and the
process is repeated. He also tried to show that the
activation energy of ‘sorption diffusion’ is the same as
the evaporation heat of water.

Movement of bound water however cannot be sim-
ply defined as a diffusion process, which often creates
confusion in the analysis of liquid moisture transfer
in drying processes. Moreover, the bound water con-
ductivity measured is strongly influenced by moisture
content. Therefore, movement of bound water may
rather be due to flow along very fine capillaries or
through cellular membranes.

In the present study, for moisture transfer in the
sorption region, the following assumptions are made :

(1) bound water exists in any hygroscopic porous
material ; for food products, the bound water refers
to the cellular water [17, 19, 24], and for granular
porous material, it refers to the water in the ‘dead
ends’, or very fine capillaries ;

(2) liquid transfer in the sorption region is defined
as movement of bound water, as shown in Fig. 2; for
food products the bound water moves through the
semi-permeable membranes along the array of the
cellular structure, and for granular porous materials
the bound water moves along very fine capillaries;

(3) movement of bound water may have the charac-
teristics of capillary flow, with the driving force being
gas phase pressure or vapor pressure gradient ;

(4) the bound water conductivity is a strong func-
tion of moisture content.

At room temperature, the bound water con-

ductivity depends on the microscopic structure of the
material and is of the order of 10=° m? s~' [18, 20].
Therefore, in the wet region, it can be neglected com-
pared with the capillary conductivity of free water.
However, in the sorption region, both movement of
bound water and vapor transfer play important roles
in moisture transfer. The transport equation for
bound water may be expressed as

’

Kb Kb
VP = —p,—2VP,.
Py 7

Jo= — (14)
Since the bound water in the sorption region is in
equilibrium with vapor in the gas phase, equation (14)
may be written as

L0
Nov= - poD,VU

Pror as)

Jp = _P
where D, is an Arrhenius-type function of tem-
perature [17, 30]. Thus the bound water conductivity
may be written as

3

D, = m(bUm_—%) oxp - %) a9
where E, is defined as the activation energy of move-
ment of bound water. Experimental data in the litera-
ture [28, 30] show that the activation energy of bound
water movement is different from the vaporization
heat of free water because the sorption characteristics
of the material influence the movement of bound
water. Recently, Okazaki and co-workers [31, 32]
studied moisture transfer mechanisms in sorptive
porous materials by including the effect of condensate
flow in fine capillaries, which may also be regarded as
bound water. It is hard to tell whether the water in
fine capillaries in a porous material comes from con-
densation or from connected fine capillaries, but it is
clear that movement of bound water plays an impor-
tant role in moisture transfer in the sorption region.

Vapor flow

During a drying process, water vapor flows through
the voids of a porous material by convection and
diffusion. The equations for vapor flow and airflow
may be written as

P.M, K, D.M,

V=T ugVP =7 VP, (17
(P—P)M, K, D

Jo= m VP+—y(P—P,) (18)

where m is the ratio of air and vapor diffusion
coefficients. Two kinds of diffusion may be important
in drying processes, molecular diffusion and Knudsen
diffusion. When the capillary size is large in com-
parison with the mean molecular free path of water
vapor, 4, molecular diffusion prevails, and

£
__ &
D, = ;_—D,,a.
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¢ —Cell Wall

Y — Intercellular Space

—

B ~ Cellular Water (Bound Water)

Movement of Bound Water

¢ — Solid

Y — Voids

f — Water in Fine Capillaries (Bound Water)

—m Movement of Bound Water

F1G. 2. Movement of bound water.

When the capillary size is equal to or smaller than 4,
Knudsen diffusion predominates, and

£

D, = 2Dy
T
By assuming the airflow is negligible, the approxi-

mate relationship between gas phase pressure drop
and vapor pressure drop can be obtained

AP K
Y= 14 2 (P—P).
N T (19)
Substituting equation (19) into equation (17)
DM ﬁpv
_ v w o .ug _
J, = RT 1+ X, VP,
D, + (P—P)
my,
DM,
="RT VP,. (20)

In most convective drying processes, the tem-
perature gradient in the wet region is small and vapor
flow is much less than flow of free water [33]. In the

sorption region, if the local temperature is low, i.ec.
P, « P, the gas phase pressure gradient is small and
the contribution of convection to the vapor transfer
is small. However, if the temperature approaches the
boiling temperature of water, the contribution of con-
vection to vapor transfer becomes significant.

Sorption equilibrium

The interaction between bound water and solid
material can be expressed by a sorption equilibrium
curve, which shows the relationship between the
amount of adsorbed or bound water and relative
humidity at a certain temperature. In drying
processes, desorption isotherms are often used, as
shown in Fig. 3.

In region A, water is more ‘tightly’ bound to solid
and in region B water is more ‘loosely’ bound. The
higher the curve, the stronger the water—solid inter-
action, the more the bound water in solid.

Several correlations for desorption isotherms have
been proposed. The most applicable to food products
are the modified Henderson equation {34], and Chung
and Pfost’s equation [35]. In the present study, the
modified Henderson equation is used
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where parameters 8, and 6, are functions of the local
temperature.

Convective heat and mass transfer coefficients

As discussed earlier, the convective mass transfer
coefficient varies with the fractional wet area at the
surface. If the free water content at the surface is
greater than about 30% of the saturated free water
content, the surface water layer remains continuous,
and the drying rate remains constant. For lower free
water contents, the continuous film layer breaks into
discontinuous wet patches, the mass transfer
coefficient decreases, and the drying rate falls. For
high intensity drying, the evaporation rate at the sur-
face will be greater than the internal liquid flow
required to maintain a continuous surface layer; in
this case, the value of the critical moisture content
increases, and the continuous film layer becomes dis-
continuous soon after the drying process starts.
Consequently, no obvious constant rate period will
be observed [22].

According to the experimental results of Nissan and
co-workers [36, 37], it appears that the convective heat
transfer coefficient also decreases in the first falling
rate period. In the present study, the convective heat
transfer coefficient is also considered as a function of
the free water content at the surface, and the con-
vective heat and mass transfer coefficients are simply
assumed to vary linearly with the free water content
in the first falling rate period

(Uns <UR) < U) (22)

U(R)— Um)

hm = hmi)(’?m + (I _?}m) Uc __ Ums

(Uns <UR) < U) (23)

where #, and 5, are constants for a given material,
their values must be determined by experiment.

MATHEMATICAL FORMULATION

In the present drying model, the wet region
(0 < r < S(¢)) and the sorption region (S(¢) < r < R)
are considered respectively in mathematical for-
mulation.

Wet region

In the wet region, the main mechanism of moisture
transfer is capillary flow of free water. The driving
force for capillary flow is the capillary pressure gradi-
ent. The very smail amount of water evaporated in
the wet region is also considered. Consequently, the
liquid moisture transfer equation can be obtained
from the mass balance in the liquid phase

144
poa—t’ = poV(DLVU ) —m,, @4

where m,, denotes the evaporation rate in the wet
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region. Accordingly, the vapor transfer equation can
be written as

Aegpy) _ V(

ot

M,
1 VPV)+mev.

RT 23

The left-hand side of the equation may be neglected.
The heat transfer equation can also be written from
energy conservation considerations, and the con-
vective term may be neglected

or
(pcp) “a—t‘ = V(leT!)"mevAhv +€11

= V(kaaVT)) +¢,

DM, 0P
A T

(26)

Ah,

where ¢, is the heat source term for dielectric heating
in the wet region; it may be assumed to be pro-
portional to the moisture content [38]. If there is no
soluble substance in the water, the vapor pressure in
the wet region can be calculated from the Clausius—
Clapeyron equation.

Sorption region

In the sorption region, the main mechanisms of
moisture transport are movement of bound water and
vapor transfer. From mass and energy conservation,
respectively, the moisture and heat transfer equations
in the sorption region can be written as

S 24

olU,
Po"a: = poV(D,VU,) —m,, @n

T
(pep)2 5 = VUVTo) —mo Dby +q,  (28)

where ¢, is the heat source term for dielectric heating
in the sorption region. The evaporation term can be
obtained from the vapor transfer equation

aep,) _ V(D;ZMW

ar RT @9

VP v>+meV'
The left-hand side of the equation may again be
neglected. In the sorption region, the desorption iso-
therm couples the moisture contents in the solid and
gas phases. Therefore, the desorption isotherms are
the determinants of the moisture distribution in the
sorption region. In the present model, the desorption
isotherm is correlated by the modified Henderson
equation [34], i.c. equation (21).

Boundary conditions
Due to symmetry of the material, the boundary
conditions at the center, or r = 0, are

oT,

Y
or

ol

=0

= 0.

(30

The boundary conditions at the surface, or r = R, are

DuMOP, o 0U, kMo, L
RT or Po bF = TRT P.—P,) 31
T 28
Ky = W(T, = T2)+poDy =2 Ay (32)
ar or

It should be noted that the convective heat transfer
cocefficients, # and 4, are functions of velocity and
properties of the flowing medium. During the con-
stant rate period, they may be determined by the
classical correlations. In the first falling rate period,
they are further affected by the free water content at
the surface. Equations (22) and (23) may be used to
determine the values of 4 and 4,,,.

In the second falling rate period, the evaporation
front recedes from the surface and divides the material
into the wet region and the sorption region. The free
moisture content at the receding evaporation front is
zero, and the moisture content is thus equal to the
maximum sorptive value. The following moving
boundary conditions are obtained from the mass and
heat balances at the evaporation front, i.e. at r = Sz}

T,=T, U =U, =U, (33)
el oU, D,M,0oP,

Pl =Dt T o B9
oT, 8T, DM, 3P, .
DL S WY 5

kcﬂ” 8r 2 or RT (ﬁl’ Afl\, (3_}

where U, is the maximum sorptive moisture content.
Usually, the substantial derivative of moisture content
with respect to time is zero, and the moving velocity
of the evaporation front can thus be determined by

oU,

s _ ( o )S = YDVU s

N AN AN
(3r s f.’r s

These moving boundary equations are the coupling
equations for the heat and mass transfer in the two
regions.

(36)

Model application

When a very wet porous material is dried by a
convective medium, three drying rate periods are often
observed, the constant rate period, the first falling
rate period and the second falling rate period. In the
constant rate period and the first falling rate period,
the material remains wet, and the model of the wet
region only is used. Since evaporation takes place
almost entirely at the surface, the drying rate is con-
trolled by the convective heat and mass transfer. If
the temperature gradient within the material is neg-
ligible, the surface temperature is almost constant and
its value is very close to the wet bulb temperature of
the flowing air. Therefore, the following relationship
determines the surface temperature in the constant
rate period :
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h M, AR,

RT 67

h(Ta_ Tw) = (P:‘w _Pva)'

When the free water content at the surface is less
than the critical value (30% of the saturated free water
content), the first falling rate period starts, and equa-
tions (22) and (23) are used to determine the con-
vective heat and mass transfer coefficients, In this
period, the surface temperature rises slowly, and may
also be determined by equation (37).

When the free water content at the surface reaches
zero, the second falling rate period starts and the two-
region model is used. During the second falling rate
period, the evaporation front recedes from the
surface, and evaporation takes place mainly at the
evaporation front as well as in the sorption region. As
the amount of water evaporating from the surface
decreases quickly, the surface temperature rises much
faster than that in the first falling rate period.

Sometimes the initial moisture content of the
material is equal to or less than the maximum sorption
moisture content and no constant rate period will
appear, such as in many grain drying processes. In
that case, the model of the sorption region only is
used.

Freeze drying process

The freeze drying process with dielectric heating
appears to be a promising technique to accelerate the
drying rate. Dielectric power is more effective for sub-
limating and thus overcoming the heat transfer barrier
of the dry or sorption region. Some theoretical analy-
sis of microwave heating freeze drying was studied by
Ang et al. [39] and Ma and Peltre [40].

According to the present study, microwave heating
freeze drying is just a special case of the drying
problem. The moving boundary in freeze drying is the
sublimation front, which separates the system into
two regions, the frozen region and the dry or sorption
region. Drying takes place at the sublimation front
and in the sorption region. In the frozen region, the
moisture is in the solid state, therefore the moisture
content remains constant.

NUMERICAL SOLUTIONS AND COMPARISON
WITH EXPERIMENTAL RESULTS

In order to test the validity of the mathematical
model, three materials with different sorption prop-
erties were chosen for comparison: wool bobbins,
brick slabs and corn kernels. Brick is a non-hygro-
scopic porous material, while wool and corn kernels
are hygroscopic materials with different structures. In
most cases, the initial moisture content is equal to or
less than the maximum sorption value and according
to the present model, no constant rate period will be
observed. Furthermore, the desorption isotherms of
these materials are documented, which makes its poss-
ible to accurately simulate the drying processes.

The finite element method with Galerkin for-
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mulation has been well established to solve non-linear
transient problems {41, 42]; in the present study, it
was used and expanded to solve the drying problem.
Elements can be built in finer structure in areas adjac-
ent to the moving boundary to enhance the accuracy.

Drying of wool

Nissan and co-workers [36, 37] performed exper-
iments on the drying of wool bobbins in an air tunnel.
The wool, composed of bulk yarn in a hairy felted
cloth wound on Bakelite bobbins was dried by a hot
air stream parallel to the axis of the cylinder. The wool
package had a 15 cm length, 7.36 cm o.d. and 1.58 cm
i.d. The drying conditions and the physical properties
are listed in Table 1.

The hygroscopic nature of wool has been studied
by Walker [43]. The reported data are correlated in
the form of equation (21)

P
¥ = P‘;; = 1—exp(—(154.5—0.359T) [+ 51~ 0-008T)
(38)

Equations (13) and (16) were used to determine the
capillary conductivity of free water in the wet region
and the bound water conductivity in the sorption
region. The heat and mass transfer coefficients in the
first falling rate period may be determined by the
following equations :

RY—
h= h0(0.60+0.40 m—)y—’-"-’l)

Uc - Ums (39)

. U(R) - Ums
B = hm0<0.50+0.50m). (40)

By using the moving finite element method, the
numerical solutions of this problem were obtained.
Figure 4 shows the variation of moisture content with
time. The computed results show that the drying pro-
cess can be divided into the heating-up period, the
constant rate period, the first falling rate period and
the second falling rate period. The first falling rate
period starts at 60 min, when the free water content
at the surface equals 30% of the saturated free water
content or U(R) = U..

When the free water content at the surface equals
zero, that is at about 110 min, the second falling rate
period starts, and the two-region drying model is used.
The predicted moisture and temperature distributions
are plotted in Figs. S and 6, and compared with the
experimental data. As can be seen from Fig. 5, the
predicted moisture distribution at 60 min agrees well
with the data. However, the predicted moisture dis-
tribution at the beginning of the second falling rate
period does not. This is because, at the beginning of
the second falling rate period, the free water content
at the surface is zero, or the surface moisture content
is equal to the maximum sorptive value, which is
difficult to measure at the real surface. It might only
be observed when a thin surface layer is dried and the
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Table 1. Physical properties and drying conditions

Properties Wool Brick Corn kernels
Po 283 1450 1236
& 0.76 0.435 0.12
I 1.25+4.18U 0.75+4.18U 1.464+3.97U
k 0.054+0.18U 0.504+0.58 U 0.0740.65U
BK, 4.0x107° 7.8x107° —
Dy, 0.062 0.098 0.0001
EyR 4830 5200 3900
; 1.14 0.09 —
Drying conditions
7.(°0) 78.5 80 71
v, 5.25 5.0 2.33
v 0.03 0.093 0.118
hy 64.8 75 33
Ao 0.065 0.083 0.026
U, 2.64 0.168 0.31
To(°C) 18 25 20

moisture content is equal to the maximum sorptive
value. The predicted moisture distribution at 130 min
agrees well with the measured distribution at the
‘beginning’ of the second falling rate period. In Fig. 6,
it can be seen that the predicted temperature dis-
tribution agrees well with the experimental data.

Drying of bricks

Przesmycki and Strumillo [44] studied the drying
of brick and clay slabs. The brick slab had an area of
20 cm? and a thickness of 5 cm. They also proposed
a three-zone model including a wet zone, an evap-
oration zone and a dry zone. However, there was no
information on how the positions of the two moving
boundaries were determined and when the first or
second falling rate periods were supposed to start.

The drying conditions and the physical properties
of brick are listed in Table 1. The data of the desorp-
tion isotherm of brick were given by Haertling {45],
which may be correlated as

U, = 0.01050°2 +0.0125exp (20 —20). (41)
30
COMPUTED RESULT
DATA OF NISSAN
A (1959)
A Vg =525 m st
T, = 785°C
20

Ps

o

3 L

2

o

=

el =

N 2nd FALLING
RATE
CONST.
RATE
00 ! | I I
o 100 200 300 400 500
t {min)

FiG. 4. Drying curve of wool.

Since the maximum sorption moisture content is very
low (about 0.015), brick is usually regarded as a non-
hygroscopic material.

The convective heat and mass transfer coefficients
in the first falling rate period may have the following
relationship with the free water content at the surface:

U(R)— U,m>

h= h0<0.80+0.20 e (42)

Uc - Ums

_ U(R) - Ums
ho = hm0(0.10+0.90 U —Um”)‘ (43)

The numerical solutions for brick slabs are shown

~—- COMPUTED RESULTS

A DATA OF NISSAN(I959)
R=368cm R, =0.79cm

30+

t = Omin

UU (kg kg (solid)™)

L
o]

F1G. 5. Moisture distribution of wool during drying.
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COMPUTED RESULTS
DATA OF NISSAN (I959)
R =368cm

R;, # 079 cm

350 A

340

330

T (K)

320

310

300

t=0 min
L 1 1 Il ]
o] R;

FI1G. 6. Temperature distribution of wool during drying.

in Figs. 7-9. Figure 7 indicates the variation of the
average moisture content with time; the predicted
result shows a very short constant rate period (about
15 min). The second falling rate period starts at 78
min. The predicted temperature distribution at differ-
ent times agrees well with the data, as shown in Fig.
8. No data on moisture distributions were reported.

Drying of corn kernels

The drying of individual or thin layers of corn
kernels has been studied by many investigators [46—
50]. In most of the experimental studies, the initial
moisture content of the corn kernels is equal to or less
than the maximum sorptive value. Thus, only the
sorption region is involved and so no constant rate
period will be observed. Therefore, movement of
bound water and vapor flow are the main mechanisms

O.ZOT
oef

COMPUTED RESULTS
o DATA OF PRZESMYCKI
(1985)

Ty = 353K
Vg=5m s7!
—--- - PRZESMYCKI'S MODEL

U (kg kg (solid)™)

000 1 | - 1 |
8

12 16 20

FiG. 7. Drying curve of brick.
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COMPUTED RESULTS
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sit)

350 16.0

340
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320

310

300
o]

X {cm)
FiG. 8. Temperature distribution of brick during drying.

of internal moisture transfer. Furthermore, since the
corn kernels are so small, they may be regarded as
spherical.

The physical properties and the drying conditions
are listed in Table 1 [48, 50, 51]; the sorption curve
for yellow corn kernels was correlated from the data
of Rodriguez-Arias [52]

P
U= ‘; = 1—exp (—(0.43T—75.0) U 18-9.00377)
(44)

Considering only the sorption region, the numerical
solutions for drying of individual or thin layers of
corn kernels in two different air conditions were
obtained, as shown in Figs. 10-12. The present model
gives an excellent prediction of the drying curves
reported in the literature [45, 47]. In grain drying
processes, the problem of shrinkage often exists to

030
—— COMPUTED RESULTS
Ta= 353 K H=93%
- —I
025k vg=5m s
0201

t=0

U (kg kg (solid}™

X (cm)
F1G. 9. Moisture distribution of brick during drying.
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F1G. 10. Drying curve of corn kernels.

some extent. If the rate of shrinkage is known, the
moving velocity of the outer surface can be taken
into account. This can also be handled by the present
drying model.

CONCLUSIONS

(1) A generalized mathematical model of drying
processes is proposed. It has been successfully used to
describe the drying behavior of several non-hygro-
scopic and hygroscopic materials. If the initial moist-
ure content is high enough, a constant rate period
will be observed. When the free water content at the
surface reaches the critical, i.e. 30% of the saturated
frec water content, the continuous water layer at the
surface breaks into wet patches and the first falling
rate period starts. When the free water content at the
surface is equal to zero, or the surface moisture con-
tent is equal to the maximum sorptive moisture

0.5
COMPUTED RESULTS
Ty=344K vg=23m s
H=1l8% R=04lcm
0.4}

U (kg kg (solid)™)

r/R
FiG. 11. Moisture distribution of corn kernels during drying.
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360
—— COMPUTED RESULTS
To=344 K vo=23m s
350 H=1i.8% R=04lcm
340} 5 h s
2
330 L ———
z 0.5
= 320+
S min
310+
3001
=0
293 { 1 t ] ]
0.0 0.2 0.4 C.6 0.8 1.0
/R
F1G. 12. Temperature distribution of corn kernels during
drying.

content, the second falling rate period starts. During
the second falling rate period, a receding evaporation
front divides the material into wet and sorption
regions, and the hygroscopic properties of the
material will contribute to the drying rate.

(2) The mechanism of moisture transfer in the sorp-
tion region has been postulated as movement of
bound water. In the sorption region, the local vapor
pressure is related to the desorption isotherms, and
therefore movement of bound water is also affected
by the hygroscopic properties of the drying material.
The bound water conductivity may be determined by
equation (16).

(3) The convective heat and mass transfer
coefficients vary with the free water content at the
surface. Considering the effect of percolation thres-
hold, a criterion of the free water content is defined,
which has the value of about 30% of the saturated
free water content. Thus, equations (22) and (23) may
be used to estimate the varying heat and mass transfer
coefficients during the first falling rate period.

(4) The present drying model has been successfully
used to simulate the drying processes of brick, wool
and corn kernels. The predicted drying curves and
the temperature and moisture distributions compared
favorably with the reported experimental results.
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UN MODELE MATHEMATIQUE DES MECANISMES DE SECHAGE

Résumé—On propose un modele de séchage qui peut étre utilisé pour décrire le séchage des matériaux
hygroscopiques et non hygroscopiques. Les périodes de vitesse constante, de premiére diminution et de
seconde diminution dans le séchage sont examinées séparément. On introduit le concept de “‘conductivité
d’eau lice”. On discute le mouvement de Peau lice et sa contribution au transfert d’humidité dans les
matériaux hygroscopiques. La conductivité de I'eau liée est affectée par le taux d’humidité et aussi par les
isothermes de désorption du matériau. Les principaux mécanismes du transfert interne d’humidité sont
considérés étre I'écoulement capillaire de I’eau libre dans la région mouillée, le mouvement de ’cau liée et
le transfert de vapeur dans la région de sorption. Les coeflicients de convection de chaleur et de masse sont
supposés variables avec le taux d’eau libre 4 la surface, dans la période de premiére diminution. Trois
systémes avec différentes propriétés hygroscopiques, bois, brique et grains de mais, sont choisis pour évaluer
la validité de ce modéle. La méthode des éléments finis mobiles est utilisée pour résoudre numériguement
les équations différentielles. Les courbes de séchage et les profils de température et d’humidité calculés sont
comparés favorablement aux résultats expérimentaux connus.

EIN MATHEMATISCHES MODELL FUR TROCKNUNGSPROZESSE

Zusammenfassung—Es wird ein Modell vorgestellt, das zur Beschreibung des Trocknungsverhaltens von
hygroskopischen und nicht-hygroskopischen Materialien herangezogen werden kann. Die einzelnen
Trocknungsperioden werden getrennt betrachtet. Es wird das Konzept der “Leitfdhigkeit des gebundenen
Wassers” eingefithrt, Die Bewegung des gebundenen Wassers und sein Beitrag zum Feuchtetransport
innerhalb hygroskopischer Materialien wird diskutiert. Es wird herausgefunden, daB die Leitfihigkeit
des gebundenen Wassers vom Feuchtegehalt sowie den Desorptionsisothermen des Trocknungsmaterials
beeinfluBt wird. Die wichtigsten internen Feuchtetransport-Mechanismen sind : die Kapillarstrémung von
freiem Wasser in der nassen Region und die Bewegung von gebundenem Wasser und Dampf in der
Sorptionsregion. Es wird angenommen, daB sich der konvektive Wirme- und Stofftransport mit der freien
Wasseroberfliche in der ersten Trocknungsperiode dndert. Fiir die Validierung des Modells werden drei
Systeme mit unterschiedlichem hygroskopischem Verhalten—Wolle, Ziegel und Kornsamen—ausgewihlt.
Zur numerischen Lésung der Differentialgleichungen wird die Methode der beweglichen finiten Elemente
herangezogen. Die berechneten Trocknungskurven und die Temperaturen und Feuchteverteilungen stim-
men recht gut mit vorhandenen experimentellen Ergebnissen iiberein.

MATEMATUYECKAA MOIE/NB MPOLIECCOB CYIIKH

Annotamus—IIpeayioxena Moletb A% OMUCAHMA CYIIKM MMTPOCKOMMYHBIX ¥ HEIHFPOCKONHYHLIX MaTe-
puanos. OTAeNbHO PACCMOTPEHS! HEPHOR MOCTOAHHON CKOPOCTH, Nepeblii U BTOPOI NEpHOAs! fanaro-
et CKOPOCTH CYIIKH. BBeEHO NOHATHE TEMJIONPOBOAHOCTH CBA3AHHOM BOAbL OBCyXaatoTCa ABMKEHHE
CBS3aHHON BOJBI ¥ €70 BKNaj B NEPEHOC BJIArY B MHIPOCKONHYHBIX MaTepmanax. Hallneno, yro Ha Ten-
JIOTPOBOJHOCTH CBA3AHHON BOAbl BIMAIOT CONEPXAHHME BJIATH, 3 TAKKe A30TEPMbI secopOuuu BLICyIR-
BaeMoro MaTepHana. CumTaercss, 4TO OCHOBHBIMM MEXaHH3MaMHM MEPEHOCA BJATH SBJISAIOTCA
KAMMILISPHOE TeYeHHe CBOOOHOM BOABI BO BIaxHOM 061acT, a Takxe [ABHKEHHE CBA3AHHON BOABI
nepenoc napa B ofnactu copbuus. pennonaraercs HameHenne koahGUIHUEHTOB KOHBEKTHBHOIO TEMIIO-
¥ MAacconepeHoca ¢ HCMEHEHHeM ColepxaHus cBoOOAHOH BOABI HA MOBEPXHOCTH B IEPBOM ICPHOIC
naaaromieil CkopocTH cywkd, J{is oueHKH NPHTOAHOCTH AaHHOR MOAeH BbIOpaHsl TPU CHCTEMBI € pas-
JIHUHBIME THIPOCKOTIMYECKAMHM CBOHCTBAME : LIEPCTh, KUPMHY H KyKypy3Hoe 3epHo. Huddepennuanpunie
YPABHEHHA PEIIAIOTCH YHCIICHHO METOIOM KOHEHHBIX 2JieMenTOoB. PaccuMranHbic KpHBBIC CYLUIKH # pach-
pefieNieHAs TEMIEPATYPbI H BJIATH YAOBIECTBOPHTEABHO COTIACYIOTCH C SKCIEPHMEHTANBHIME HAHHBIMH,



